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Abstract
In this paper, we prove the following: Let Y be a perfect paracompact (hereditarily Lindelöf) space
and {Xn: n ∈ ω} be a countable collection of ˇCech-scattered paracompact (Lindelöf) spaces, then the
product Y ×∏n∈ω Xn is paracompact (Lindelöf).
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1. Introduction
Since the notion of C-scattered spaces was introduced by Telgársky [12], C-scattered
spaces play the fundamental role in the study of paracompactness (Lindelöf property) of
products. A space X is said to be scattered if every nonempty subset A has an isolated
point in A, and X is said to be C-scattered if for every nonempty closed subset A of X,
there is a point x ∈ A which has a compact neighborhood in A. Then scattered spaces and
locally compact spaces are C-scattered. R. Telgársky proved the following:
(A) (Telgársky [12]) If X is a C-scattered paracompact (Lindelöf) space, then X × Y is
paracompact (Lindelöf) for every paracompact (Lindelöf) space Y .
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Let L be the class of all spaces whose product with every hereditarily Lindelöf space is
Lindelöf. E. Michael asked whether L is closed with respect to countable products. Alster
[2,3] gave a negative answer to this problem and proved
(B) (Alster [1]) If {Xn: n ∈ ω} is a countable collection of C-scattered Lindelöf spaces,
then the product
∏
n∈ω Xn ∈ L.
For paracompactness of countable products, we have
(C) (Alster [4]) If Y is a perfect paracompact space and {Xn: n ∈ ω} is a countable
collection of scattered paracompact spaces, then the product Y ×∏n∈ω Xn is paracompact.
(D) (Friedler et al. [7], Hohti and Pelant [8]) If {Xn: n ∈ ω} is a countable collection of
C-scattered paracompact spaces, then the product
∏
n∈ω Xn is paracompact.
Hohti and Ziqiu [9] introduced the notion of ˇCech-scattered spaces, which is a
generalization of C-scattered spaces. A space X is said to be ˇCech-scattered if for every
nonempty closed subset A of X, there is a point x ∈ A which has a ˇCech-complete
neighborhood in A. They proved
(E) (Hohti and Ziqui [9]) If {Xn: n ∈ ω} is a countable collection of ˇC-scattered
paracompact spaces, then the product
∏
n∈ω Xn is paracompact.
It seems to be natural to consider the paracompactness (Lindelöf property) of product of
a perfect paracompact (hereditarily Lindelöf) space and a product of countably many ˇCech-
scattered paracompact (Lindelöf) spaces. So, we prove analogous results of (B) and (C).
All spaces are assumed to be Tychonoff spaces. Let ω denote the set of natural numbers.
Undefined terminology can be found in Engelking [5].
2. Preliminaries
Let X be a space. For a closed subset A of X, let
A∗ = {x ∈ A: x has no ˇCech complete neighborhood in A}.
Let A(0) = A,A(α+1) = (A(α))∗ and A(α) =⋂β<α A(β) for a limit ordinal α. Note that
every A(α) is a closed subset of X and if A and B are closed subsets of X such that
A ⊂ B , then A(α) ⊂ B(α) for each ordinal α. Furthermore, X is ˇCech-scattered if and only
if X(α) = ∅ for some ordinal α. It is clear that if X is a ˇCech-scattered space and A is an
open (closed) subset of X, then A is also ˇCech-scattered. A subset A of X is said to be
topped if there is an ordinal α(A) such that A(α(A)) is nonempty and ˇCech-complete. For
each x ∈ X, there is a unique ordinal α such that x ∈ X(α) − X(α+1), which is denoted by
rank(x) = α. Then there is a neighborhood base B of x in X, consisting of open subsets
of X, such that for each B ∈ B, clB is topped in X and α(clB) = rank(x).
The proofs of following lemmas are routine. So we omit them.
Lemma 2.1. (1) If X and Y are ˇCech-scattered spaces, then the product X × Y is ˇCech-
scattered.
(2) Let X and Y be spaces and f :X → Y be a perfect mapping from X onto Y . Then X
is ˇCech-scattered if and only if Y is ˇCech-scattered.
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Lemma 2.2. If X is a strongly zero-dimensional, ˇCech-scattered paracompact space, then
every open cover of X has a pairwise disjoint, topped open refinement.
The following is useful for the study of paracompactness (Lindelöf property) of
products.
Lemma 2.3 (Nagami [10]). For a paracompact (Lindelöf) space X, there are a strongly
zero-dimensional paracompact (Lindelöf) space X0 and a perfect mapping f :X0 → X
from X0 onto X.
Frolik [6] characterized ˇCech-complete paracompact spaces as follows: X is a ˇCech-
complete paracompact space if and only if there is a sequence {An: n ∈ ω} of locally finite
open covers of X satisfying the following condition: if F = {Fn: n ∈ ω} is a decreasing
sequence of nonempty closed subsets of X such that for each n ∈ ω, there is an An ∈An
with Fn ⊂ An, then the intersection ⋂n∈ω Fn is nonempty and compact. He also proved
that X is a ˇCech-complete paracompact space if and only if there are a complete metric
space M and a perfect mapping f :X → M from X onto M . So, if {Xn: n ∈ ω} is a
countable collection of ˇCech-complete paracompact spaces, then the product
∏
n∈ω Xn is
a ˇCech-complete paracompact space. Assuming strong zero-dimensionality, we have the
following.
Lemma 2.4. Let X be a strongly zero-dimensional, ˇCech-complete paracompact space.
Then there is a sequence {An: n ∈ ω} of pairwise disjoint open covers of X satisfying the
following:
(1) An+1 is a refinement of An for each n ∈ ω,
(2) if F = {Fn: n ∈ ω} is a decreasing sequence of nonempty closed subsets of X such
that for each n ∈ ω, there is an An ∈An with Fn ⊂ An, then
(a) the intersection⋂n∈ω Fn is nonempty and compact;
(b) for each open neighborhood O of ⋂n∈ω Fn in X, there is an n0 ∈ ω such that
Fn0 ⊂ O .
3. Paracompactness and the Lindelöf property
Let [ω2]<ω = {(τ0, τ1, . . . , τn): τi ∈ ω2, i  n and n ∈ ω} and [ω2]ω = {(τ0, τ1, . . . ,
τn, . . .): τn ∈ ω2 and n ∈ ω}. For (τ0, τ1, . . . , τn) ∈ [ω2]<ω , n ∈ ω and τ ∈ ω2, let
(τ0, τ1, . . . , τn) ⊕ τ = (τ0, τ1, . . . , τn, τ ).
Now we show the main result in this paper.
Theorem 3.1. If Y is a perfect paracompact space and {Xn: n ∈ ω} is a countable
collection of ˇCech-scattered paracompact spaces, then the product Y × ∏n∈ω Xn is
paracompact.
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Proof. By Lemmas 2.1 and 2.3 and the method using in the proof of [4, Theorem], we
may assume the following:
(1) X is a strongly zero-dimensional, ˇCech-scattered paracompact space and for each
n ∈ ω, Xn = X,
(2) X is topped and there is a point a ∈ X such that X(α(X)) = {a}.
Let p = (a, a, . . .) ∈ Xω . We shall show that Y × Xω is paracompact. Let B be a base
of Y × Xω , consisting of all sets of the form B = UB ×∏n∈ω Bn, where UB is an open
subset of Y and there is an n ∈ ω such that for i < n, Bi is a topped open-and-closed subset
of X, and for i  n, Bi = X. Let
n(B) = inf{i: Bj = X for j  i}.
Let O be an open cover of Y × Xω , which is closed under finite unions. Let O′ = {B ∈
B:B ⊂ O for some O ∈O}. It suffices to prove that O′ has a σ -discrete subcover.
Let B = UB × ∏i∈ω Bi ∈ B. Let i < n(B). Then B(α(Bi))i is nonempty and ˇCech-
complete. By Lemma 2.4, there is a sequence {AB,i,j : j ∈ ω}, AB,i,j = {Aξ : ξ ∈ ΞB,i,j },
of pairwise disjoint collections of open subsets in B(α(Bi))i covering B(α(Bi))i satisfying the
following:
(3) every AB,i,j+1 is a refinement of AB,i,j ,
(4) if F = {Fj : j ∈ ω} is a decreasing sequence of nonempty closed subsets of B(α(Bi))i
such that for each j ∈ ω, there is an Aj ∈AB,i,j with Fj ⊂ Aj , then
(a) the intersection⋂j∈ω Fj is nonempty and compact,
(b) for each open neighborhood V of ⋂j∈ω Fj in B(α(Bi))i , there is a j0 such that
Fj0 ⊂ V .
Since everyAB,i,j is a pairwise disjoint collection of open subsets of B(α(Bi))i , covering
B
(α(Bi))
i and Bi is a strongly zero-dimensional paracompact space, there is a pairwise
disjoint collection A′B,i,j = {A′ξ : ξ ∈ ΞB,i,j } of open subsets of Bi (and hence, open-
and-closed in X), covering Bi such that:
(5) For each ξ ∈ ΞB,i,j , A′ξ ∩ B(α(Bi))i = Aξ ,
(6) every A′B,i,j+1 is a refinement of A′B,i,j .
Define B˜ as follows: (B, {AB,i,j : i < n(B), j ∈ ω}, {A′B,i,j : i < n(B), j ∈ ω}) ∈ B˜
if B = UB × ∏n∈ω Bn ∈ B and for each i < n(B), sequences {AB,i,j : j ∈ ω} and
{A′B,i,j : j ∈ ω} satisfy the conditions (3)–(6). Take a (B, {AB,i,j : i < n(B), j ∈ ω},
{A′B,i,j : i < n(B), j ∈ ω}) ∈ B˜. For i < n(B) and j ∈ ω, let AB,i,j = {Aξ : ξ ∈ ΞB,i,j },
A′B,i,j = {A′ξ : ξ ∈ ΞB,i,j } and ΞB,j =
∏
i<n(B) ΞB,i,j . Let j ∈ ω. For each ξ = (ξ(i)) ∈
ΞB,j , let Bξ = UB ×∏i<n(B) A′ξ(i) ×X×· · ·. Then {Bξ : ξ ∈ ΞB,j } is a discrete collection
of elements of B.
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Claim 1. For each (y, (xt)) ∈ B , there are j ∈ ω, ξ = (ξ(i)) ∈ ΞB,j and an O ∈O′ such
that
(1) (y, (xt)) ∈ Bξ ,
(2) {y} ×∏i<n(B) Aξ(i) × {a}× · · · ⊂ O .
Proof. Let i < n(B). Since A′B,i,j covers Bi and is pairwise disjoint for each j ∈ ω,
take a sequence {A′ ij : j ∈ ω} such that for each j ∈ ω, A′ ij ∈ A′B,i,j and xi ∈ A′ ij .
Then {Aij : j ∈ ω} is a decreasing sequence of closed subsets of B(α(Bi))i , where for
each j ∈ ω, Aij ∈ AB,i,j such that Aij = A′ij ∩ B(α(Bi))i . By (4) (a), Ai =
⋂
j∈ω Aij is
nonempty and compact. Since O is an open cover, which is closed under finite unions,
by Wallace theorem in Engelking [5], there is an O = U × ∏t∈ω Ot ∈ O′ such that{y} ×∏i<n(B) Ai × {a} × · · · ⊂ O . For each i < n(B), by (4) (b), take a ji ∈ ω such that
Aiji ⊂ Oi . Put j = max{ji : i < n(B)} and take a ξ = (ξ(i)) ∈ ΞB,j such that Aij = Aξ(i).
Then we have (y, (xt )) ∈ Bξ and {y} ×∏i<n(B) Aξ(i) × {a}× · · · ⊂ O . 
Let j ∈ ω, ξ = (ξ(i)) ∈ ΞB,j and y ∈ UB . By Claim 1, we say that y satisfies ξ(∗) if
there is an O ∈O′ such that {y} ×∏i<n(B) Aξ(i) × {a} × · · · ⊂ O . In this case, define
n(y, ξ) = inf
{
n(O): {y} ×
∏
i<n(B)
Aξ(i) × {a} × · · · ⊂ O ∈O′
}
.
Then there is an open subset Oξ,y = Uξ,y ×∏i<ω Oξ,y,i ∈O′ such that:
(7) (a) {y} ×∏i<n(B) Aξ(i) × {a} × · · · ⊂ Oξ,y ,
(b) n(y, ξ) = n(Oξ,y),
(c) for each i < n(y, ξ),α(Bi ) = α(Oξ,y,i) and furthermore, if i < n(B), let Oξ,y,i ⊂
A′ξ(i).
Put r(y, ξ) = max{n(B),n(y, ξ)}. Take an Hy,ξ = H˜y,ξ ×∏i∈ω Hy,ξ,i ∈O′ such that:
(8) (a) H˜y,ξ = UB ∩Uξ,y and H˜y,ξ ×∏i<n(y,ξ) Hy,ξ,i × X × · · · ⊂ Oξ,y ,
(b) for each i < n(y, ξ), let Hy,ξ,i = Oξ,y,i ,
(c) if r(y, ξ) = n(B), let Hy,ξ,i = A′ξ(i) for each n(y, ξ) i < n(B),
(d) if i  r(y, ξ), let Hy,ξ,i = X.
Then we have {y}×∏i<n(B) Aξ(i) ×{a}× · · · ⊂ Hy,ξ . Let k ∈ ω and V ξj,k = {y ∈ UB : y
satisfies ξ(∗) and n(y, ξ)  k}. Then V ξj,k ⊂ V ξj,k+1. If ξ ′ = (ξ ′(i)) ∈ ΞB,j+1 such that
Aξ ′(i) ⊂ Aξ(i) for each i < n(B), then V ξj,k ⊂ V ξ
′
j+1,k . Since V
ξ
j,k =
⋃{H˜y,ξ : n(y, ξ) k}
and Y is a perfect paracompact space, there is a collection Vξj,k of open subsets of Y such
that:
(9) (a) every member of Vξj,k is contained in some member of {H˜y,ξ : n(y, ξ) k},
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(b) Vξ covers V ξ andj,k j,k
(c) for each k ∈ ω,Vξj,k is σ -discrete in Y .
Let V ∈ Vξj,k . Put W(V ) = V ×
∏
i<n(B) A
′
ξ(i)×X×· · · andWξj,k = {W(V ): V ∈ Vξj,k}.
Then, by (9) (c),Wξj,k is σ -discrete in Y ×Xω . Take a y(V ) ∈ V ξj,k such that V ⊂ H˜y(V ),ξ .
Put
G(V ) = V ×
∏
i∈ω
Hy(V ),ξ,i ⊂ W(V ).
We divide the set W(V )−G(V ) into finitely many, pairwise disjoint subsets, consisting
of elements of B, having the length r(y(V ), ξ) + 1. To do so, let N (B,V, ξ) = {N : N is
a nonempty subset of {0,1, . . . , r(y(V ), ξ) − 1}}. Take an N ∈ N (B,V, ξ)) and define
B
ξ
N(V ) = V ×
∏
i∈ω B
ξ
N,i (V ) as follows:
(10) (a) if i ∈ N with i < n(B), let BξN,i (V ) = A′ξ(i) − Hy(V ),ξ,i ,
(b) if i ∈ N with r(y(V ), ξ) = n(y(V ), ξ) > i  n(B), let BξN,i (V ) = X−Hy(V ),ξ,i ,
(c) if i < r(y(V ), ξ) with i /∈ N , let BξN,i (V ) = Hy(V ),ξ,i ,
(d) for each i with i  r(y(V ), ξ), let BξN,i (V ) = X.
In general, BξN,i (V ) need not be topped. By the definition, B
ξ
N,i (V ) = ∅ for i ∈ N with
n(y(V ), ξ) i < n(B). So, we consider the following natural number i: (i) i ∈ N with i <
min{n(B),n(y(V ), ξ)} or (ii) i ∈ N with n(B)  i < n(y(V ), ξ) or (iii) i = r(y(V ), ξ).
Let i satisfy the condition (i) or (ii). By Lemma 2.2, there is a pairwise disjoint, topped
open-and-closed collection BξN,i (V ), covering BξN,i (V ). For each B ′i ∈ BξN,i (V ), since
B
(α(Bi))
i ∩ B ′i = ∅, α(B ′i ) < α(Bi). Let BξN,r(y(V ),ξ)(V ) be a pairwise disjoint cover of X,
consisting of proper topped open-and-closed subsets of X. Define a collection B′ξN (V ) as
follows:
(11) B ′ = V ×∏i∈ω B ′i ∈ B′ξN(V ) if for each i ∈ ω,
(a) if i ∈ N with n(y(V ), ξ) i < n(B), let B ′i = ∅,
(b) if i satisfies one of the above conditions (i), (ii) and (iii), let B ′i ∈ BξN,i (V ),
(c) if i /∈ N with i < r(y(V ), ξ), let B ′i = BξN,i (V ),
(d) let B ′i = X for i > r(y(V ), ξ).
Let BξN (V ) = {B ′ ∈ B′ξN (V ): B ′ 	= ∅} and Bξ (V ) =
⋃{BξN (V ): N ∈ N (B,V, ξ)}.
Then it follows that W(V ) = G(V ) ∪ (⋃Bξ (V )). Take a B ′ = V ×∏i∈ω B ′i ∈ BξN(V )
and N ∈ N (B,V, ξ). By (11) (b), if i satisfies one of the condition (i) and (ii),
then α(B ′i ) < α(Bi) and if i /∈ N with i < r(y(V ), ξ), then α(B ′i ) = α(Bi) and
B ′i
(α(B ′i)) ⊂ B(α(Bi))i . It is clear that B ′
(α(B ′r(y(V),ξ)))
r(y(V ),ξ) = {a} if and only if α(B ′r(y(V ),ξ)) =
α(Br(y(V ),ξ)) = α(X). So, if i  r(y(V ), ξ) and α(B ′i ) = α(Bi), then i /∈ N with
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B
′ (α(B ′i)) ⊂ B(α(Bi)) or B ′ (α(B
′
r(y(V ),ξ)
)) = {a} = B(α(Br(y(V ),ξ))). Furthermore we havei i r(y(V ),ξ) r(y(V ),ξ)
n(B) < n(B ′) = r(y(V ), ξ) + 1. Let i satisfy one of the above conditions (i)–(iii).
Since B ′i is topped, B ′
(α(B ′i))
i is nonempty and ˇCech-complete. There are sequences{AB ′,i,m: m ∈ ω} and {A′B ′,i,m: m ∈ ω}, satisfying (3)–(6). Let i /∈ N with i < n(B). For
each m ∈ ω, let AB ′,i,m = {A ∈AB,i,j+m: A ⊂ Aξ(i)} and A′B ′,i,m = {A′ ∩Hy(V ),ξ,i : A′ ∈
A′B,i,j+m and A′ ⊂ A′ξ(i)}. Then {AB ′,i,m: m ∈ ω} and {A′B ′,i,m: m ∈ ω} also satisfy the
conditions (3)–(6). If i /∈ N with r(y(V ), ξ) = n(y(V ), ξ) > i  n(B), let AB ′,i,m = {a}
and A′
B ′,i,m = {Hy(V ),ξ,i} for each m ∈ ω. Then (B ′, {AB ′,i,m: i  r(y(V ), ξ),m ∈ ω},
{A′
B ′,i,m: i  r(y(V ), ξ),m ∈ ω}) ∈ B˜. For j, k ∈ ω and ξ ∈ ΞB,j , let
Gξj,k(B) =
{
G(V ): V ∈ Vξj,k
}
and
Bξj,k(B) =
⋃{Bξ (V ): V ∈ Vξj,k}.
If V ξj,k = ∅, let Gξj,k(B) = ∅ and Bξj,k(B) = ∅.
It follows from Claim 1 that for each (y, (xi)) ∈ B , there are j ∈ ω, ξ = (ξ(i)) ∈ ΞB,j
and O ∈O′ such that (y, (xi)) ∈ Bξ and {y} ×∏i<n(B) Aξ(i) × X × · · · ⊂ O and hence,
y satisfies ξ(∗). Thus there is a k ∈ ω such that y ∈ V ξj,k . So UB =
⋃{V ξj,k: j, k ∈ ω and
ξ ∈ ΞB,j }. For each j, k ∈ ω, let
Gj,k(B) =
⋃{Gξj,k(B): ξ ∈ ΞB,j } and
Bj,k(B) =
⋃{Bξj,k(B): ξ ∈ ΞB,j}.
We have
(12) (a) Gj,k(B) ⊂O′ for j, k ∈ ω,
(b) Gj,k(B) is σ -discrete in Y × Xω for j, k ∈ ω,
(c) B =⋃j,k∈ω Gj,k(B) ∪ (⋃j,k∈ω Bj,k(B)),
(d) for j, k ∈ ω,Bj,k(B) ⊂ B and Bj,k(B) is σ -discrete in Y × Xω ,
(e) for each B ′ = UB ′ ×∏i∈ω B ′i ∈ Bξ (V ), V ∈ Vξj,k, j, k ∈ ω and ξ ∈ ΞB,j ,
(i) n(B) < n(B ′),
(ii) for each i ∈ ω, α(B ′i ) α(Bi),
(iii) if i  r(y(V ), ξ) = n(B ′)−1 and α(B ′i ) = α(Bi), then B
′ (α(B ′i))
i ⊂ B(α(Bi))i .
Claim 2. Let j, k ∈ ω, ξ ∈ ΞB,j ,V ∈ Vξj,k . If B ′ = UB ′ ×
∏
i∈ω B ′i ∈ Bξ (V ), then there is
an i < r(y(V ), ξ) such that α(B ′i ) < α(Bi). Furthermore, if r(y(V ), ξ) = n(B), then there
is an i < n(y(V ), ξ) such that α(B ′i ) < α(Bi).
Proof. There is an N ∈ N (B,V, ξ) such that B ′ = V × ∏i∈ω B ′i ∈ BξN(V ). Since N
is nonempty, take an i ∈ N . Then i satisfies the condition. Assume that r(y(V ), ξ) =
n(y(V ), ξ)  n(B). If i < n(B), then B ′i ⊂ BξN,i (V ) = A′ξ(i) − Hy(V ),ξ,i and Aξ(i) ⊂
Hy(V ),ξ,i . If n(B)  i , B ′i ⊂ BξN,i (V ) = X − Hy(V ),ξ,i and a ∈ Hy(V ),ξ,i . In each case,
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we have that α(B ′) < α(Bi). Next, assume that r(y(V ), ξ) = n(B) > n(y(V ), ξ). Sincei
B ′ 	= ∅, it follows from (11) (a) that i < n(y(V ), ξ). Since B ′i ⊂ BξN,i (V ) = A′ξ(i) −
Hy(V ),ξ,i , we have α(B ′i ) < α(Bi). 
It is clear that Y × Xω ∈ B. Let AY×Xω,0,j = {{p}} and A′Y×Xω,0,j = {X} for each
j ∈ ω. Then (Y ×Xω , {AY×Xω,0,j : j ∈ ω}, {A′Y×Xω,0,j : j ∈ ω}) ∈ B˜. For each y ∈ Y , take
an open neighborhood Oy = Uy ×∏i∈ω Oy,i ∈O′, satisfying (7). So, Y =⋃{V ξ0,k: ξ ∈ Ξ0
and k ∈ ω}.
Let Φ = {µ = (τ0, τ1, . . . , τn) ∈ [ω2]<ω: τ0 = (0, k), n, k ∈ ω}. For each τ =
(0, k) ∈ Φ , let Gτ = Gτ (Y × Xω) and Bτ = Bτ (Y × Xω). Then Gτ and Bτ are σ -discrete
collection of Y ×Xω , consisting of elements of B and Gτ ⊂O′. By the above construction,
we inductively obtain collections Gµ and Bµ for each µ ∈ Φ satisfying the following: for
each µ = (τ0, τ1, . . . , τn) ∈ Φ and n ∈ ω,
(13) (a) Gµ is σ -discrete in Y × Xω and Gµ ⊂O′,
(b) Bµ is σ -discrete in Y × Xω , consisting of elements of B,
(c) for j, k ∈ ω,Gµ⊕(j,k) = ⋃{Gj,k(B): B ∈ Bµ} and Bµ⊕(j,k) = ⋃{Bj,k(B):
B ∈ Bµ}.
(14) for B ∈ Bµ, µ ∈ Φ , B =⋃j,k∈ω Gµ⊕(j,k)(B) ∪ (⋃j,k∈ω Bµ⊕(j,k)(B)),
(15) for B = UB ×∏i∈ω Bi ∈ Bµ, j, k ∈ ω, B ′ = UB ′ ×∏i∈ω B ′i ∈ Bξ (V ), V ∈ Vξj,k and
ξ = (ξ(i)) ∈ ΞB,j ,
(a) (B, {AB,i,j : i < n(B), j ∈ ω}, {A′B,i,j : i < n(B), j ∈ ω}) ∈ B˜,
(b) (i) for each i ∈ ω, α(B ′i ) α(Bi),
(ii) if i < n(B ′) and α(B ′i ) = α(Bi), then B ′
(α(B ′i))
i ⊂ B(α(Bi))i and for each m ∈
ω, AB ′,i,m = {A ∈ AB,i,m+n: A ⊂ Aξ(i)}, A′B ′,i,m = {A′ ∩ Hy(V ),ξ,i : A′ ∈
A′B,i,m+n and A′ ⊂ A′ξ(i)}, and (B ′, {AB ′,i,j : i < n(B ′), j ∈ ω}, {A′B ′,i,j :
i < n(B ′), j ∈ ω}) ∈ B˜,
(iii) there is an i < r(y(V ), ξ) such that α(B ′i ) < α(Bi) and furthermore, if
r(y(V ), ξ) = n(B), then there is an i < n(y(V ), ξ) such that α(B ′i ) <
α(Bi).
Let G =⋃{Gµ : µ ∈ Φ}. Our proof is complete if we show the following.
Claim 3. G is a σ -discrete subcover of O′.
Proof. By (13) (a), G is a σ -discrete subcollection of O′. So it suffices to prove that G
covers Y × Xω . Assume that (y, x) ∈ Y × Xω −⋃G and x = (xi). By (14), there are
(τ0, τ1, . . . , τn, . . .) ∈ [ω2]ω, {ξn: n ∈ ω}, {Bn = Un ×∏i∈ω Bn,i : n ∈ ω} ⊂ B satisfying
that: for each n ∈ ω.
(16) (a) τ0 = (0, k0), τn = (jn, kn) for jn, kn, n ∈ ω and µn = (τ0, τ1, . . . , τn) ∈ Φ ,
(b) (y, x) ∈ Bn, Bn ∈ Bξnjn.kn (Bn−1), where B−1 = Y × Xω , such that
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(i) jn = inf{j ∈ ω: (y, x) ∈ Bξ , y ∈ V ξ for some ξ ∈ ΞBn−1,j and k ∈ ω},j,k
(ii) let Bn ∈ Bξn(Vn), Vn ∈ Vξnjn,kn , ξn ∈ ΞBn−1,jn and kn = n(y, ξn),(c) n(Bn−1) < n(Bn),
(d) (Bn, {ABn,i,j : i < n(Bn), j ∈ ω}, {A′Bn,i,j : i < n(Bn), j ∈ ω}) ∈ B˜,(e) for each i ∈ ω, α(Bn,i ) α(Bn−1,i ),
(f) if i < n(Bn) and α(Bn,i ) = α(Bn−1,i ), then B(α(Bn,i ))n,i ⊂ B(α(Bn−1,i ))n−1,i , and for
each m ∈ ω, ABn,i,m = {A ∈ABn−1,i,jn−1+m: A ⊂ Aξn−1(i)} and A′Bn,i,m = {A′ ∩
Hy(Vn),ξn,i : A
′ ∈A′Bn−1,i,jn−1+m and A′ ⊂ A′ξn−1(i)},(g) there is an i < r(y(Vn), ξ) such that α(Bn,i ) < α(Bn−1,i ) and furthermore, if
r(y(Vn), ξn) = n(Bn−1), then there is an i < n(y(Vn), ξn) such that α(Bn,i ) <
α(Bn−1,i ).
Let i ∈ ω. For each n ∈ ω, by (16) (e), α(Bn,i )  α(Bn−1,i ). There does not exist an
infinite decreasing sequence of ordinals. So there is an ni  1 such that i < n(Bni ) and
α(Bn,i ) = α(Bni ,i ) for n  ni . By (16) (f), Bα(Bn+1,i )n+1,i ⊂ Bα(Bn,i )n,i for each n  ni . Then
{Bα(Bn,i )n,i : n  ni} is a decreasing sequence of closed subsets of X and for each n  ni ,
there are sn, n ∈ ω, sn < sn+1 and An ∈ABni ,i,sn such that B
α(Bn,i )
n,i = An. Hence, by (4) (a),
Ci =⋂{Bα(Bn,i )n,i : n ni} is nonempty and compact. Let C = {y} ×∏i∈ω Ci . Then C is a
compact subset of Y × Xω . Since O′ is an open cover of Y × Xω , which is closed under
finite unions, there is an O = U ×∏i∈ω Oi ∈O′ such that {y} ×∏i∈ω Ci ⊂ O . By (4) (b)
and (16) (c), take an m ∈ ω such that:
(17) (a) n(O) n(Bm),
(b) for each i < n(O), ni m and Ci ⊂ Bα(Bm,i)m,i ⊂ Oi . 
Then {y} ×∏i<n(Bm) Bα(Bm,i)m,i × {a} × · · · ⊂ O and hence, by (16) (b) (i) and (ii),
Bm+1 ∈ Bξm+1(Vm+1), Vm+1 ∈ Vξm+1jm+1,km+1 , ξm+1 ∈ ΞBm,jm+1 and km+1 = n(y, ξm+1). Since
km+1  n(O)  n(Bm) and n(y(Vm+1), ξm+1)  km+1, r(y(Vm+1), ξm+1) = n(Bm). By
(16) (g), there is an i < n(y(Vm+1), ξ) such that α(Bm+1,i ) < α(Bm,i), which contradicts
(17) (b). 
Telgársky [13] introduced the notion ofDC-like spaces, using topological games. Every
C-scattered paracompact space is a DC-like space and every space having a σ -closure-
preserving closed cover by compact sets is a DC-like space.
Remark 3.2. (1) Tanaka [11] proved that if Y is a perfect paracompact (hereditarily
Lindelöf) space and {Xn: n ∈ ω} is a countable collection of paracompact (Lindelöf) DC-
like spaces, then the product Y ×∏n∈ω Xn is paracompact (Lindelöf).
(2) Let M be the Michael line and P be the space of irrationals. Then M is a hereditarily
paracompact space but is not perfect. It is well known that P is homeomorphic to ωω,P
is ˇCech-complete and M × P is not normal. So we cannot replace that Y is a perfect
paracompact space by that Y is a hereditarily paracompact space in Theorem 3.1.
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It is well known that a space X is a hereditarily Lindelöf space if and only if it is a perfect
Lindelöf space. The proof of the following theorem is similar to that of Theorem 3.1. So
we omit it.
Theorem 3.3. If Y is a hereditarily Lindelöf space and {Xn: n ∈ ω} is a countable
collection of ˇCech-scattered Lindelöf spaces, then the product Y ×∏n∈ω Xn is Lindelöf
and hence,
∏
n∈ω Xn ∈L.
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